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ABSTRACT

The amplitude and power of a large family of radio signals
are observed to have log-normal probability density func- E
tions. Among these are signals propagated through random i
inhomogeneous media, a notable example being low frequency
atmospheric radio noise. Of greater importance are certain
radar targets that have been observed to have essentially
log-normal density functions. Both ships and space vehicles
may fall into this category. Curves of probability of detection
versus signal-to-noise ratio for the case of log-normal signals
in Gaussian noise have been computed and are presented in
this paper. The curves apply for square-law detection with
varying degrees of post-detection linear integration. Both
slowly and rapidly fluctuating signals are considered. It is
shown that for log-normal signal distributions having large
variances the probability of detection differs signiﬁcantly

from that obtained using curves based on an assumed Rayleigh

signal distribution.
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I. INTRODUCTION

The detection of fluctuating signals in the presence of Gaussian noise
has been studied widely [1]-[4] since the extensive pioneering treatment of
detection theory for constant amplitude pulsed signals in noise by Marcum [5].
All of these studies are extensions of Marcum's work. In almost all cases,
the fluctuating signal amplitude has been assumed to be Rayleigh distributed.
This choice is due to the well-known fact that the sum of a large number of
independent random vectors having uniform phase distributions is a Rayleigh
vector, i.e., one having a uniform phase distribution and a Rayleigh ampli- -
tude distribution, provided only that the number of contribﬁting vectors is
very large and that no single vector contributes significantly to the total power
[6]. Swerling [1] has presented curves of the probability of detection as a
function of the signal-to-noise ratio for both Rayleigh-distributed lignals and

for signals whose power is distributed Chi-square with four degrees of free-

dom. Since N, the number of pulses integrated, is presented as a parameter, ,

and iince a square-law detector is auumec_l. results for oign;ls whose power _
is distributed Chi-square with 2N degrees of freedorh mly be infé:red. It is .

only neceuary to observe that the sum of a Raylcigh noise vector and a

‘Rayleigh cignal vector u, itulf, t Rayleigh vector and that the po.t-detecnon

g

: ,cum of N iudependent nignnl plus noiu variatn in then thc sum. of the squue: G

of ZN indepeudent Glulliln variatn lnd. hence. in Chx-squau with ZN degren
of freedom Ao Swerling hu noud (2 ) onc can conatrnct a wide varicty of
| prob&bility demity £unctionc from thc Chi-sqnlu ﬁmily. In choosing a

. , member ot the Chi-aqune funily to tit a pnrticular dist'ribution. om il freo




ty choose two paraneters, e g., the mean and the number of degrees of free-
durt Ditterent degrees ol skewnes: are obtained as the number of degrees
ot treedom s varied.

Fhe assumption of signals composed of a larpge number of small inde-
pondent random contributions appears to be reasonable in many cases, e.g.,
the sipndls scattered by many radar targets consist of contributions from
manerous and diverse reflecting elements. It has become common practice
ro treat most fluctuating radar returns as having Rayleigh-distributed ampli-
tades. The expermmental evidence for the existence of Rayleigh-distributed
radar returns is not altogether conclusive, however. Early investigators [7]
tound thul,. while target cross section distributions followed the Rayleigh law
reasonably well for tow crusy dections, they often exhibited a pronounced
hiph cross scction tial, i e., higher probability density at the high cross
sections than nhicated by the Rayleigh Low. This difference is consistent
with the idei that o few targe surfaces predominite in the target. The case
ob arrcralt appears to be a notable excention where experimental data are
condlusively Rayleigh,  There has been some disagreemoent on this point [8],
but the major budy of opinion supports the Rayleigh interpretation [9], [10].
More recently, Harrison [11] in analyzing the statistics of the radar
returns from ships has foand that the return sipnal strength dictribution
ctosely follows o log-normal law. Space vehicld and satellite cross sections
have also typically exhibited non-Rayleigh statistics. They arc usually
characterized by o very large dynamic range and variance [12). Kennedy
15, hats vistained statistical data on the radar cross section bf a satellite,

examininy the distribution over aspect angle and frequency.  The resulting

-l




cross section probability density functions are shown in Fig. 1. One of tﬁé

® density functions was obtained by measuring over aspect angle alone with all
aspect angles ;ssumed to be equiprobable. The same aspect measurement
procedure was followed in obta\'ming the other density function, with frequency
averaging being obtained by stepping the frequency of alterna"ce' radar pulses.
The density funciions appear to ke log-nornial and, gignificantly, exhibit
mean values about 10 dB above the median values. The high ratio of mean-
to-median values is due to the pronounced high cross section tail of the
distribution. It is not possible to obtain such a mean-to-median ratio with
any member of the Chi-square family suggested by Swerling.

Weinstock [14 ] has studied the modeling of certain classes of satellite

A
bodies and has attempted to fit empirical data to Chi-square models. T.e
. -difficulty in fitting members of the Chi~square family is evident when one
considers the variance and mean-to-median ratio. Starting with Swerling's
generalized distribution (2] ‘
_ k-1
- 1 [kx kx\ k
f(x,x) = (—-—-) exp(- T’) <
T TR /=
we have for the variance
-2
Dz(x) = z‘r :
where k is one-half the number of degrees of freedqm of the Chi-square
. | distribution. The median, x_, is given by the solution of -

.
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or

kx_ /x
1 m k-1 du = 1
(3] | u exp(-u) du = VA

The latter expression is recognized as a form of the incomplate gamma
function. Solving for )':Ixm with k = 1, the result is :‘c/xm = 1,44, For

k = 2, it is 1,18, and it approaches unity with increasing k. Since large
variances and mean-to-median ratios may characterize radar targets of
interest, the Chi-square family with integral k may be unsuitable.
Weinstock [13] has allowed k < 1 in order to ;'it the variance and mean

to empirical data but has found disagreement of higher order n.oments
and a lack of fit on the taiis of the distributions. He found that for a |
class of bodies of the conducting cylinder type a reasonable fit could

be obtained by varying k between 0.3 and 0.7,

Current system analysis and design practice uses the Swerling
Chi-squared models almost exclusively, with the mean characterizing
the distributions treated. Both Weinstock [14] and Swerling have
observed that if a single parameter is to B_e' used to characterize a distri-
bution the rtiedian is prveferred over the mean. The medi}an’is len.
influenced by high cross section tails of distributions and leads to a
mbre conservative choice of dénigjn p;x;ametery. : ’To conclu‘give,ly check

the validity of this assertion, it is neceinry to compute the 1pr‘obabimy

-4
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of detection as a function of median signal-to-noise ratio for distributions
having large ratios of mean-to-median values, The log-normal distribution,
in addition to being one that is found to occur in practice, is one that repre-
sents an extreme in high cross section tails, It is therefore suitable for
checking the accuracy of désign procedures that use existing cross section
models but characterize distributions by their medians,

This paper presents the results of a numerical computation of the
probability of detection for :a large family of fluctuating signal distributions

that are log-normal,
II. LOG-NORMAL SCATTERING MECHANISMS

The nature of the scattering mechanisms that lead to log-normal 7
density functions for radar targéts is not understood, and noratt'empt at a
complete analysis is made in this paper. New)ertheless, a brief conjecture
on this point seems in order,

If a random signal amplitude has a log-normal diéiribution. it can

be represented by

x=Ae'*

where § is normally distributed. A log-normal distribution occurs in radio
propagation through inhc;mogeneouo media, the logarkithmic variable § being
interpreted as the sum of indepehdent attenuation factors associated with.
statistically independent regions or "blobs" in the medium [15]. In the

cé,'ae of the radar cross section measurements referred to above, however, )

-s-




it seems clear that the signal fluctuations are due to statistical effects
associated with the targets., One possible expla.nat‘ion for log-normal
target statistics has been suggested byDuWaldt [16] who noted that the
effect of surface roughness on the épecular return from a flat ‘plate is

to reduce the cross section relative to that of a smooth-plate by a factor " -
eV, where § is proportional to the mean-square surface depth ‘fluctliia‘t‘i'oh. ‘
If the radar return at any aspect angle is that from a single surface selected
from an ensemble having a normally distributed degree of rouéh.ness, log
normal amplitude statistics result. Since the return from a ship at any
given aspect angle is largely due to a single predominant dihedral corner,

the log-normal tharacter of ship returns might thus be explained,

i
'

. THE PROBABILITY OF DETECTION FOR
LOG-NORMALLY DISTRIBUTED SIGNALS

The computational procedures are based on the receiver models used
by Marcum and Swerling, i.e., a linear receiver preceding a ;quare-.law
detector and followed by post-detection integration which gives equal weight
to all the pulses added. As in Swerling [1], two extremes of pulse-to-pulse
correlation are treated. These are:

Case 1:  All pulses occurring during an integration period are
perfectly correlated. Pulue_sk;in successive integration
periods are independent. In the case of a i,canning 'rndnl;. |
this implies indepgnd'entyfbluctnatiqm from scan to scan but

with no fluctuation during a scan.

-6
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T Case 2: The fluctuations are independent from pulse to pulse,
- The probability density, fN(y), of N integrated signal plus noise ..
variates at the detector output is integrated to obtain the probability of
detection,
o ;
PD(x) =f fN(y,x) dy ' (1)
Y
b

The density function of signal plus noise and the probability of detection
are functions of some measﬁre of power in the signal distribution. The
average signal-to-noise power ratio, x, is used. The normalization i‘S the
same as that used by Marcum, and, hence, the detection thresh§1d level,

Yb’ is as given there'm.ﬁ naméiy, the solution of

Nin e |
1-(3) / fy{y+0) dy (@)
Ty

where n is the number of pulses in the time required for the false alarm
probability to reach 0.5, Values of Yb as a function of N and n are
tabulated in Table 1.

In Case 1, the dennity function, fﬁ(y. i). is obtained by averaging
Marcum's density fu’nétion for a constant signal plus noise over the

~

distribution of the signal-to-noise power ratio. Thus,

i s [ComBe o)
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where fN(y/ x) is the conditional probability density of the integrated detector
output signal plus noise variate y, given a signal-to-noise power ratio x and
where f(x,X) is the density function for the signal-to-noise power ratio. For

a log-normally distributed signal,

£(x, %) = -

exp[— (Inx - E?)z]

2T Ox 20

where oz is the variance of In x,
For the presentation of the results, it is more convenient to charac-
terize f(x,x) by the parameters x and p, the ratio of mean to median values.

In terms of ¢ ard In x,

;:=exp(%i+E§)

2
> = ()

In case 2, fN(y.i) is the result of an N-fold self-convolution of
£,y x) as given by Eq. (3).

Details of the numerical computation are given in the appendix.
IV. RESULTS AND CONCLUSIONS

Curves of.,the probability of detection as a function of average signal-
to-noise ratio are presented in Figs. 2 - 28 for Cases 1 and 2, with the
‘number of pulses integrated, N,.’ as a parameter. Fixéd value}i of p. and the

false alarm number n were used in plotting the cur?oi} namely,

L
-a-




0=1,2 4,8, 16andn = 10%, 108, 1010, Figures 2 - 4 are identical to

. those in Marcum since for p = 1 the variance is zero and, hence, the target

is not fluctuating, Cases 1 and 2 are thus identical for p = 1. In Figs.

29 - 43, the curves have been replotted with p as a parameter, These
figures are useful for interpolation in p.

To improve the accuracy of interpolation in p, it may be advantageous
to first plot the curves with p as a parameter as a function of the median
signal-to-noise ratio (or to normalize R to unity median signal-to-noise
ratio). A set of such curves for n = 108 is presented in Figs, 44 - ‘50.

The curves for Case 1 intersect near 50-percent probability of detection
and, hence, facilitate interpolation. A very different behavior is observed
in Case 2 when the curves are plotted versus the median signal-to-noise
. ratio, The point at which the curves intersect shifts to higher values of
probability as the number of pulses integrated is increased.

The form of presentation is that of Marcum and Swerling. While it is
recognized that this format is not always convenient, it seems preferable
in view of the wide circulation of the curves compiled by the aforementioned
authors and the resulting ease of comparison. A secondary reason is the
coiﬁpreuion of the curves afforded by piotting probability of detection
versus normalized radar range which is inversely proportional to the
qmrter-Mer ‘of the signal-to-noise ratio. This éompreuioi; is diuiribie
because of the flattening of the curves with incru@ing va;:iincq of the
signal distribution. A nonlinear dB _scale for the sigml-to-}noiu‘ ratio ic'_ ‘

. © added for convenience.

- i S s e e e i .;.:,,.‘,T.u..».v?‘ﬂ...,-‘.'..,,'...,v.,,.w..,...,Mf. \ o st ) R . . S .*,mmm




As p is increased from unity at constant average signal-to-noise ratio,

the probability of detection is reduced at high signal-to-noise ratios and .
increased at low signal-to-noise ratios. The sensitivity to a change in p is
seen to be greatest for small p. As p is increased to very large values,

the probability density function approaches a delta function at the origin.

To show this, it is first noted that the mode of the log-normal distribution &
is at
- eln x - 02 _x
*mode ~ - ;5

The peak value of the density function is

2
£(x X)) = —b
mede™ Vi p x

Hence,

lim x 0

p=e mode

lim “x’mode’;‘) -

p=e

It can be shown that unit weight iz associated with the delta function on
examination of the probability that tho,biml-to—noi;c ratio exceeds some

positive value ¢

-10-
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P{x>¢) =f f(x, x) dx
: €

1 2 2
S — e dz
\/ﬁf E

i

where z = (ln x - In x)/N2 0, and

E=1ne-1nx+1np

N2'In p

Then, if ¢ is fixed at any finite positive value,

lim Plx>¢)'= 0

p=e
As a consequence, the probability of detection for any finite average signal-to-
noise ratio approaches zero as p is ifxcreased without limit.

The relative insené@tivity of the probability of detection to a change in

p at p = 16 is due to the fact that the mode of the distribution is already 36 dB
below the average value. Hence, the probability we‘igﬁting in the vicinity of
the mode is not significant for all but the very highest signal-to-noise ratios.
At larger values of p, the probability of detéction is gove_rngd by the‘re;la‘tivel’y,
flat and slowly decreasing tail of the density function. The behavior of f(x, 1) ’
with increasing p in the rangé of values used for the calculations is: illultryted .

in Figs. 61 and 62. These curves are indicative of the behlvi&r for i:ll.'; _.i

since

D7)

-1

R RS




.
4The effect ofAvariation in X at constant p is illustrated in Fig. (;3.

It is of interest to compare the results with those obtained by Swerling
using Rayleigh-distributed signal amplitude. Figures 51 - 56 show the
comparison for n = 108 and p = 2, 16 (Case 1) and p = 2, 4, 8, 16 (Case 2).
For p = 2, there is relatively good agreement between the curves over a wide
range of signal-to-noise ratios. (It should be recalled that for the Rayle.igh
distribution p equals 1,44.) The agreement is particularly good for Case 2
when a large number of pulses is -integrated. This is to be expected since
the sum of a large number of independent variates approaches a normal
distribution regardless of the distribution of the individual var‘ti‘ates. The
curves differ widely for p = 16, however, thereby illustrating the in-
applicability of Swerling's curves when the mean-to-median signal power
ratio is very large. The probability of detection for Cas~ 2 based on the
normal approximation to the density function of the detector output is also
shown in Figs. 53 - 56. The details of the computation are .given in the
appendix.

Figures 57 - 60 show the above data plotted versus the median signal-
to-.noisé ratio. For the curves from Swerling, the signal-to-noise ratio
is the average signal-to-noise power ratio. Thus, R is to be intgrpreted S
-as that rahge for wh'ich the log-normal target hai imity mediaq»signtl-to-'
noise ritio‘.and the Raylaigh target has unitjﬁ average ligml-‘to-ngﬁe‘ utio{

" These curves permit 'jud?l‘merit of the efficacy of entering Swe.rliizglii ‘c\;r\iés
. witfi tmediankligx_nl-’to-noi'-e ratio in the hope of obu‘ining' a cohl.e‘:’\vntive, T
estimate of performance. It ia_iee_h,thnt a conservative estimate is }ob_tai}tied_ .

for p = 2 in both Cases 1 and 2. For 'la_r-get‘t Va__l_u“ of p, ‘thc_cu‘fvu for the

-12-




log-normal distribution fall below those for the Rayleigh distribution over a
portion of their range. Nevertheless, conservative estimates are obtained
almost e'iveryv)here for p = 16 in Case 2. In Case 1 for p= 16, the blip-scan
ratio predicted by the Rayleigh curves never exceecds the actual one by as
much as 10 percent.

When the statistical description of a radar target is obtained by
averaging over all of the aspect angles an& assuming them to be equally
probable, some discretion must be applied in using the resulting model.

It is entirely possible that a high cross section tail in the density function
results from specular returns at relatively few aspect angles. If, then, the
targei ;\_ttitude is relatively gtable during a radar intercept, the equally
proﬂgb)?é aspect assumption can lead to very erroneous results. Conserva-
tively. i‘t‘ may be best to neglect the high cross section tail of the density
function Qhen a lower bound on detection probability is desired. Thus, the
procedure of using the Rayleigh curves with 2 median signal-to-noise ratio

would be a good one. On the other hand, if one is intereutéd in an ﬁpper

bound on detection p.rgbability. the tail of the density function must be con-

sidered. The Rayleigh curves are then completely unsu’table.
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Table 1. Detection Threshold (Bias) Level, Yk

Netection Threshold (Bias) Level, Y

(Accurate to 0.002) b
n= 106 | ns= 108 n= 10lo
N=1 14,182 18.787 23.392
2 16.342 21.194 25,995
4. 20.168 25.438 30.574
8 26.910 32.857 38.544
10 30. 037 36,277 42,202
20 44, 485 51.944 58. 864
40 70.718 80.024 88. 454
80 119,303 131.371 142,051
100 142,681 155. 898 167.510
200 255.526 273.399 285.756
400 472.717 497. 484 518.321
800 895. 459 930,451 959,289

1000 1104, 188 1143. 432 1175.559
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1 | APPENDIX

. ~ Computational Procedures \

A, CASE 1

The required result is, from Eqs. (1) and (3),

PD(;E) =j; fN(y,f) dy
b

-/, o S et/ st ax !

Interchanging the order of integration yields

P, (%)= adx f(..")r &f (y/x) dy
D; -Iol XX'IY‘bN

The inner integral is seen to be precisely the probability of detection ob- :

tained by Marcum. Denoting this by P'(x), we have
[} .
Pp@ = [ P'lx) ftx, ) ax
0

The integration is made numerically tractable, taking advantage of the normal

distribution of ln x, by means of the substitution

golnx-TH% S I S

0,
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Then

@ 2
Py, (x) =./:°, e”® P)(z)dz | (A-2)

where Pl(z) is P'(x) under the transformatioh of Eq. (A-1). The integration
in Eq. (A-2) is readily performed by means of a numerical quadrature inte-

gration formula based on the Hermite polynomials [17]. As in Marcum [5],
P'(x) is computed using a Gram-Charlier series with the Edgeworth grouping

of terms to represent fN(y/x). Thus,

x C. .
£ (y/x)=§ , - g'(t) = glt) (A-3)
N

i=0 “UZ

h

where t = (y - ;)/\,EE [u; is the i*® central moment of fﬁ(y/x)].

T R 7
“‘"i\r_z-,f' Hylt)

and Hi(t) is the Hermite poiynomial of degree i. The coefficients c, are

given by
G
¢ —r— 5 Hi(t) git) dt
,‘ . e _ |
= Ak H&=L]f (y/x)dy
- G o
-80-




Substituting

Li/2] (_l)mti-Zm
H.(t) = i! Z
1 2™m! (i - 2m)!

m=0

yields

(i/2]

08 /Q(y -J—!)i-zm £l
. = Y/X) dy
“ Z 2™m! (i - 2m)! . Jﬁ; N

m=0

[i/2] (1)itm My 20
= Z ,m 1/é-m

m=0

The u; are expressed in terms of the moments about the origin vy by

i L.
b= Y ()™, A
n=0 ‘

‘The moments v; are, in turn, obtained using the chaucteriutic function as a

moment generating function. Thus,

dp /ip=0

" From the results
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\(N-1)/2 _-y-N |
fN(y/x)=(Nzx-)( W2 oy * 1., @VNxy) (A-6)

and

Ctp) e-—Nx
Pl = —x
(p+ 1N

eNx/(p+1)

Marcum obtains

v = Bt RN N (A-7)

where lFl is the confluent hypergeometric function. The coefficients c, are

computed from Eqs. (A-7), (A-5), and (A-4) using the recursion relationship

Nx+ N+2i-2
N+i-1l

i-1 .
- N1  Fpl-i+ 2, N, Nx)
Finally, P'(x) is obtained as
‘ (-]
. Y L

eV s

B - where




The function fN(y/x) is given by Eq. (A-3), so that

P'(x) =2; c. [ ¢ at
i= 1'[1‘

The result of the integration is

Pi = [2- a7 m)] - [2m)] - [’ ms e’

- [c5§4('1‘)+ c7§6(T)+ c9§7(T)] -

The brackets indicate the Edgeworth grouping of terms (co = 1 and

€ =¢= 0). Following Marcum, all of the curves except those for N = 1
we: s computed using only the first three Edgeworth groupings to a_pproxi-
mate P'(x).

The accuracy of the calculation is limited by the number of ordinates

used in the quadrature integration formula. ' A total of 20 were med. i. e.;
re -:2 - ! } o B |
j_; e l?l(z) dz ~ w(si) Pl"i’ B | (A-8)

where the s, are seros of the 20“‘ ~d¢gie§ Hermite polyﬁomiai an’d the: w(ai)
are the quadnture formula weighting ﬁctou [17] The etfect of ucing a

.mall number of ordinates is to introducc error in the pointl on the ptoba- S

~bility of detection cnrvu.» ‘ln gemral with 20 ordimtu. thc compnted poinu ’

i geneuto a omooth curve. llthougb lome lprud is noticuble for t.he larger

 «83-
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Eapony

values of p. The manner in which the spread decreases is shown in Fig. A-1

which gives points for N= 1, n= 1010

,» and p= 16 obtained using 10, 16, and
20 ordinates. It appears from the manner in which the points converge as the
number of ordinates increases that the maximum error in probability is of °
the order of 0.0l and occurs for low detection probabilities. The curves of
P'(x) obtained for N= 1 and p = 1 are quite smooth and agree remarkably well
with Marcum's curve except at very low probabilities. The curves of PD(;)
for N= 1 were obtaineé as discussed under Case 2. Cases 1 and 2 are the
same for N = 1.
B. CASEZ2

The probability density function of N integrated signal plus noise variates
2t the detector output where the fluctuations are independent from pulse to
pulse is given by the N-fold self-convolution of fl(y. x). For numerical compu-
tation, the Hermite quadrature integration formula in Eq. (A-8) is a convenient

method to calculate £l(y. x). - But, for this case, the integrand is equlfto

£,(y/x)Nt under the transformation of Eq. (A-1). The function £,(y, ) was

computed for 621 points over the interval 0(0.06)37. 2l for each combination
of p and x (values of x were chosen at 3-dB increments). The function fé(y, x)

is obtained by convelving f, (y, ¥) with itself. At this point, the increment in

y was doubled so that th@:’ll, poinis on the interval 0(0. 12)37.2 correspond to
every other point on th_e} previous int:e_fval.ﬂ The_"'f\inct‘lonj'oi‘.xj the ‘int_ofvi.l__ S

37.32(0. 12)74. 4 was assumed to be sero. Similarly, f,ly,X) was obtained

1

The interval (0,37.2) was divided into increments of 0.06. -

R




from £, (v, x), fS(Y' x) from f4(y, x), and flo(y, x) from both £, {y,x) and fB(y, X).
This procedure is continued to obtain fN(y,;) for N =20, 40, 80, 100, 200,
400, 800, and 1000. The increment in y was doubled {in the same manner as

hefore) after 10, 20, 100, and 200. The probability of detection,

Y

was computed by Simpson's rule for numerical integration. Simpson's rule
was also used in the convolution integrals.
The question of accuracy is difficult to answer because of the difficulty
in obtaining the maximum value of high order derivatives of fl(y/x) and .
fN(y,SE) either analytically or numerically. These derivatives are needed to
fix a bound on the numerical integration errors [17]. However, by doubling
‘he initial increment in y and using only half as many points for f, iy, x), the
resultingr computed probability of detection seldom changed by as much as
0. 01 (the _gréatest differances usually occurred at low detection probabilities).
About 1 hour of computing time on the SDS 920 computer was reqaired-to find
fldoo(y,;). At firsthglance,» it would seem possible to shorten the computation
time by an approximation method. This is discussed next.
As the number of integrated pulses, N, is increased, it is expected that
’ fN(y, x) will approach a normal density function with mean and variance equal
to N times the mean and variance o‘f f,(y,X), It is also possible to inctude a

first-order correction term [18]as
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- /z R o i
£ (8, 5) = e &7 S O (A-9)
N ;’Zﬂ ; 6°N ) . :
where € = (y - pN)/GN- | 3
The quantities uyp OI\ZI , and~m3N are the first moment and second and '
third central moments of fN(y, x), respectivély.“ The probability of detection,
provided the approximation is valid, is given by
- 2 ‘ »
P &)= 1 o812 gp LT3N -s 122 _ (&-10)
Ven S \’ 2n 6cN
.' where S = (Y.b - uN)/O‘N-
"g The general moments of l(y, X) can be calculated in a straightforward.
manner. The k' moment about the origin of f,(y/x) as a function of x is .
given by
vy %) =_/; y fly/x)dy
® k (x+y)
=.[0 y e , ,Io(z\lxy) dy -~
= k! Lk(-x)‘.
where Lk(x) is the Laguerre polynomial of fhe kth degree. Hence, the k h
moment about the orxgm of 1,(y, ) is given by . | -
wef b tBe R B
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which can be expressed in terms of the moments of f(x,x). Thus, the first

few moments are given by

\)l=1+x

\)2=2+4;+3—{2_

————

vy =6+ 18x + 9x7+ x°

vy = 24 + 96x + 72;Z+ 16;‘5'-+x_z

In general, the nth moment of a log-normal distribution is given by

<P = pn(n-l) et

Hence, the moments of fl(y, X) can be expressed in terms of p and x. The
central moments can be computed by means of Eq. (A-4). Finally,

uN = N[l + ;C-]
oy = NU1+ 2%+ (% - 1)

my = N[2+ 63+ 6002 - 1R2+ 2+ 98 - 32 %%)

For large p, the coefficient of the correction term in Eq. (A-10) is given

approximately by
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My _ p3

3 (A-11)
150 15WN

A necessary, but not sufficient, condition for the convergence of Eq. (A-10)
" to the true probability of detection is that Eq. (A-11) should be rnuch less than
unity. Based on this result, N>> 16 for p= 4, N>> 1000 for p= 8, and
N > 75, 000 for p = 16. |

The probability of detection base& on the normal approximation (one
term only) is shown in Figs. 47 - 50 for p= 2, 4, 8, and 16 and n= 108. For
p = 2, the normal approximation is accurate for N = 100 and 1000. For p = 4,
it is accurate for only N = 1000, and, for p > 4, it is not a suitable represen-
tation for the actual probability of detection. The first-order correction term
is, in most cases, either negligible or unrealistic (i.e., proba’bilities larger

than unity).

+
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